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Motivation: dynamic modeling in life & environmental sciences

Hossie et al. (2024)
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Motivation: dynamic modeling in life & environmental sciences

Biology Ecology Climatology
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And many more domains related to MathNum/INRAe

Challenge: solve the underlying equations
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Partial Differential Equations (PDEs) in a nutshell

“Physical” knowledge is encoded in a PDE, via a differential operator

Vt,z el xQ, Nolu](t, z) = 0. (PDE)

~ you can have time independence (stationary PDEs) or space independence (ODE)

In addition, there usually are some

» initial condition
u(0,-) = ug(z), VzeQ (1C)

» boundary condition
Blu](t,d0x) = f(t,0z), Vte I,Viz € 0N (BC)

PINNs are a machine-learning approach to solve PDEs
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An example: the heat equation

Heat equation in 2D: spatio-temporal domain I x Q = [0, T] x [—1,1]? defined by

. Oru(t,x) — DAu(t,z) =0, (Heat PDE)

f=DeR, Ny= 5 DA, (0, z) = sin(wz ) sin(maz), (IC)
u(t,z) =0, z € 00 (Dirichlet BC)
t = 0.00 t=0.33 t = 0.67 t = 1.00

u*(t,x) = e_QDWQtUO(a:) EE..

Snapshots w*(t;, z) for D = 0.05
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What are PINNs ?



A primer/refresher on machine learning

PINNs are a specific machine-learning approach (Raissi et al. 2017)

Any machine learning method can be defined through
1) Some data D
2) A loss function to be minimized (learning)

& = argmin L(u; D)
u€F

3) A space of functions F. For example w, parametrized by v € R?

- linear u,(z) = vz, polynomial, functional basis (splines, etc.)
- or ... neural networks ! more on this later

Training? Minimization of the loss

L(u) = /||N9[u](t,:c)\\2dtda:(+ IC + BC) ~+ Monte-Carlo approximation
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1) Data: two sources of data for PINNs

The dataset D is composed of

» Collocation points

1. Domain: {t;, z;} sampled on I x Q
2. Initial: {(0,z;)};2, sampled on {0} x Q

3. Boundary: {t, zx}

Mpe

e samp

led on I x 092

Collocation points (ignoring time t)

Boundary CP
Initial CP
Domain CP
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2) Loss: the PDE-part

3 loss components

» Dynamic loss ~ PDE residuals on the collocation points
1 &
Layn(u) = . Z N [u] (i, z:) [

)
¢ =1

714



2) Loss: the PDE-part

3 loss components

» Dynamic loss ~ PDE residuals on the collocation points

1

e

£dyn(u) = . Z ‘NG[UK% 371)|2
¢ =1
» Initial condition
1 g
Lic(u) = o > (0, ) — uo(z5)]
T =1

714



2) Loss: the PDE-part

3 loss components

» Dynamic loss ~ PDE residuals on the collocation points
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£dyn(u) = . Z ‘NG[UK% 371)|2
¢ =1
» Initial condition
1 g
Lic(u) = o > (0, ) — uo(z5)]
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7/14



2) Loss: the PDE-part

3 loss components

» Dynamic loss ~ PDE residuals on the collocation points

1

ne

£dyn(u) = . Z ‘NG[UK% 371)|2
¢ =1
» Initial condition
1 g
Lic(u) = o > (0, ) — uo(z5)]
T =1

» Boundary

Mbe

Z |Blu) (tk, 2i) — f(tr, 22) [

k=1

1

The

Lpc(u) =

Whole PDE loss with balancing weights wgy,, wic, W

Lppr = wd,ynﬁdyn + Wy Lpe + WicLise
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3) The function class: neural network

As the name suggests, we look for

weF={u, =u,o...0u,, NNswith parameters v}
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3) The function class: neural network

As the name suggests, we look for

weF={u, =u,o...0u,, NNswith parameters v}

» Why neural networks ? They are both

1. suitable approximation (asymptotically with the number of neurons/layers)

2. suitable for automatic differentiation ~» easy-and-exact Ny|u,] at any (¢, z)
» Optimization Non-convex program o € argmin,, £(u,) ~ need good optimizers!
In practice, preconditioned variants of gradient descent (Miiller et al. 2023)

Vi1 < Vg — nP,iVﬁ(l/k)
~ all derivatives are computed via autodiff.
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Why ? Three types of PINN
problems



1) PDE solver (forward problem)

Goal: solve the PDE prescribed by Ny using the PDE loss only:

€ argmin Lppg(uy,).
174

~» PDE parameters 6 are fixed and known + no observations
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https://mia_jinns.gitlab.io/tutoriel-jinns/_static/my-first-pinns-in-jax/

1) PDE solver (forward problem)

Goal: solve the PDE prescribed by Ny using the PDE loss only:

€ argmin Lppg(uy,).
174

~» PDE parameters 6 are fixed and known + no observations

Example: 2D heat equation Np = 2 — DA, with D = 0.05 + sinus IC & Dirichlet BC

Absolute difference |G —u " |
= 0.60 t=1.00

PINN : u(t, x)
t = 0.00 t=0.20 t = 0.60 t=1.00 t =0.00 t =0.20 t = 0.6
05
00
—0. -0.5
-1.0
-1 [ -1 [ 11 0 -1 0 i -1 0 11 [ 1-1 0 -1 [ 1
] ] ] ] ] ]

- Small & simple architecture: (3,16, 16, 1)-MLP with 320 parameters (shallow)

- Running time ~ 1s on this laptop (CPU)."

TImplement this yourself in this step-by-step tutorial.
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https://mia_jinns.gitlab.io/tutoriel-jinns/_static/my-first-pinns-in-jax/

1bis) hybrid-modeling

Regression with noisy observations: y; = u*(#;, 7;) + ¢; with MSE

Nobs

Z |u(ty, 1) — wil?

[’obs

nobs
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1bis) hybrid-modeling

Regression with noisy observations: y; = u*(#;, 7;) + ¢; with MSE

Tobs

Z\ (t1, 2) — wil?

Eobs

nobs

Goal: regress over all u satisfying a prescribed equation

u € argmin L ,ps(u)
No[u]=0
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Regression with noisy observations: y; = u*(#;, 7;) + ¢; with MSE

Tobs

Z\ (t1, 2) — wil?

Eobs

nobs

Goal: regress over all u satisfying a prescribed equation

u € argmin L ,ps(u)
No[u]=0

Hard ~~ uses a two-component loss with relaxed constraint

‘C(u) = WobsLobs + ‘Cdyn + Wy Lpe + WicLic
statistical information relaxed “physics” constraint
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2) Inverse problem

Goal: find #* from observations of PDE solution v* = u?"

» Inverse problem ~- find the best PDE parameters that fit through the data

(ﬁ,é) € argmin L(u,0) = wopsLops(v)  + Lppr(u;0)
u,0
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2) Inverse problem

Goal: find #* from observations of PDE solution v* = u?"

» Inverse problem ~- find the best PDE parameters that fit through the data

(ﬁ,é) € argmin L(u,0) = wopsLops(v)  + Lppr(u;0)
u,0

» Example estimation of the diffusion coefficient § = D

Observations: uy=u " (t, x|) + 0g;
D unkown!

500 observations

+

Heat equation model
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2) Inverse problem

Goal: find #* from observations of PDE solution v* = u?"

» Inverse problem ~- find the best PDE parameters that fit through the data

(ﬁ,é) € argmin L(u,0) = wopsLops(v)  + Lppr(u;0)
u,0

» Example estimation of the diffusion coefficient § = D

Observations: u;=u " (t;, x)) + o€, Evolution of D - Noise 0=0.1

D unkown!{ |\ 7 L

500 observations

+

Heat equation model

0.35
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3) Meta-modeling (aka parametric problem, surrogate modeling)

Goal learn a neural net 4, (-;0) solution of PDE for a range of ¢

» Approximate the map 6 — v’ € M where M = {manifold of PDE solutions}

» Example heat equation with D € [0.05,0.5] » Augmented training set {6,,}."_,

t=0 t=0.5

F

t=1

&
Q & Layn(v) =
? & 1 Ty e )
° ¥ Z Z |N9m[uu](ti7xi;€m)|
S Wallte = =
o ~» no simulation required before-hand!

0.05

D=
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Conclusion



Conclusion on PINNs

Pros:

» Mesh-less (no curse of dimensionality)

» Versatile hybrid-ML framework for data-integration

Cons:

» Non convexity: good optimizers are crucial !
» Few guarantees compared to well-studied numerical schemes ||w, — u*|| = O(?)

Broader landscape: “scientific machine-learning” (SciML)

» Hybridization - Neural numerical methods: Galerkin, time-discrete, FEM, etc.
» Neural operators (# PINNS)
» Neural ODE: learn unknown physics (e.g. a drift) from data.
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Thank you for your attention

Collaborators: Lucia Clarotto, Hugo Gangloff, Béatrice Laroche, Julien Papaix, Lorenzo Sala

a N

v Checkout the Python package
PINNs with JAX: inverse problem, metamodeling,
I inhomogeneous models, and much more!

Click on the magic lamp
(or teapot)
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https://mia_jinns.gitlab.io/jinns/
https://mia_jinns.gitlab.io/jinns/
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Automatic differentiation



Automatic differentiation — exact derivative

Automatic differentiation # finite-differences

Main ideas
1. wis a composition of simple functions
U= UL O...0Up.

2. Each du, is easy to compute
3. Then, chain rule yields a product of Jacobians

Ou(y) = dur(ur.(L—1)(2)) ... Ou1(2).
Take-home message

» Exact jacobians at any point z (not a symbolic expression though)

» This a technology: softwares implement chain rule & v du(-) for many
(exp,log, 2%, ...)

» For PINNSs, z can both be parameters v or input (¢, z)



Jinns package



Flowchart for users

DynamicLoss

Niluy] =~ 0

Global Loss
L(v,6)

utils

jinns.solve(...)

Networks: MLP, Separable
PINNS, HyperPINNs

Saving / Loading

min £L(v, 6)

data

Collocation Observations.

Parameters

Ve N\
validation

Mo = =
« Custom validation score
+ Validation set
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